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Abstract
In 1991, N. Shalaby conjectured that any additive group Zn,
where n ≡ 1 or 3 (mod 8) and n ≥ 11, admits a strong Skolem starter
and constructed these starters of all admissible orders 11 ≤ n ≤ 57.
Recently, N. Shalaby and et al. [O. Ogandzhanyants, M. Kondratieva
and N. Shalaby, Strong Skolem Starters, J. Combin. Des. 27 (2018),
no. 1, 5–21] was proved if n = Πki=1p
αi
i , where pi is a prime such
that ord(2)pi ≡ 2 (mod 4) and αi is a non-negative integer, for all
i = 1, . . . , k, then Zn admits a strong Skolem starter, where ord(2)pi
means the order of the element 2 in Zpi . On the other hand, the
author proved [A. Va´zquez-A´vila, A note on strong Skolem starters,
Discrete Math. Accepted] if p ≡ 3 (mod 8) is an odd prime, then
Zp admits a strong Skolem starter. In this paper, we prove that, if
p ≡ 3 (mod 8) and n is an integer greater than 1, then Zpn admits a
strong Skolem starter.
Keywords. Strong starters, Skolem starters.
1 Introduction
Let G be a finite additive abelian group of odd order n = 2k + 1, and let
G∗ = G \ {0} be the set of non-zero elements of G. A starter for G is a set
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S = {{x1, y1}, . . . , {xk, yk}} such that {x1, . . . , xk, y1, . . . , yk} = G
∗ and
{±(xi − yi) : i = 1, . . . , k} = G
∗. Moreover, if {xi + yi : i = 1, . . . , k} ⊆
G∗ and |{xi + yi : i = 1, . . . , k}| = q, then S is called strong starter for
G. To see some works related to strong starters the reader may consult
[1, 7, 8, 12, 13, 17, 19, 21, 22].
Strong starters were first introduced by Mullin and Stanton in [27] in
constructing Room squares. Starters and strong starters have been useful
to construct many combinatorial designs such as Room cubes [11], Howell
designs [3, 19], Kirkman triple systems [19, 24], Kirkman squares and cubes
[25, 28], and factorizations of complete graphs [2, 4, 9, 10, 12, 15, 16, 20, 30].
Let n = 2q + 1, and 1 < 2 < . . . < 2q be the order of Z∗n. A starter for
Zn is Skolem if it can be written as S = {{xi, yi}}
q
i=1 such that yi > xi
and yi − xi = i (mod n), for i = 1, . . . , q. In [26], it was proved that, the
Skolem starter for Zn exits if and only if n ≡ 1 or 3 mod 8. A starter which
is both Skolem and strong is called strong Skolem starter.q
Example 1. The set
S = {{17, 18}, {2, 4}, {3, 6}, {11, 15}, {9, 14}, {7, 13}, {5, 12}, {8, 16}, {1, 10}}
is a strong Skolem starter for Z19.
In [26], it was conjectured that any additive group Zn, where n ≡ 1
or 3 (mod 8) and n ≥ 11, admits a strong Skolem starter and constructed
these starters of all admissible orders 11 ≤ n ≤ 57. Recently, in [23], it was
proved if n = Πki=1p
αi
i , where pi is a prime such that ord(2)pi ≡ 2 (mod
4) and αi is a non-negative integer, for all i = 1, . . . , k, then Zn admits a
strong Skolem starter, where ord(2)pi means the order of the element 2 in
Zpi . On the other hand, in [29] it was proved if p ≡ 3 (mod 8) is an odd
prime, then Zp admits a strong Skolem starter. In this paper, we prove if
p ≡ 3 (mod 8) and n is an integer greater than 1, then Zpn admits a strong
Skolem starter.
This paper is organized as follows. In Section 2, we recall some ba-
sic properties about quadratic residues and we present the strong Skolem
starters of Zp given in [29]; this strong starters are used in the main result
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of this paper, Theorem 4.1. In section 3, we recall some properties about
the multiplicative group of integers modulo pn, where p ≡ 3 (mod 8) is
an odd prime and n is an integer greater than 1. Finally, in Section 4, we
prove the main result of this paper, and we present one example. The main
theorem states the following:
Theorem 1.1. Let p be an odd prime such that p ≡ 3 (mod 8) and n is
an integer greater than 1, then Zpn admits a strong Skolem starter.
2 A family of strong Skolem starters for Zp
Let p be an odd prime power. An element x ∈ F∗p is called a quadratic
residue if there exists an element y ∈ F∗p such that y
2 = x. If there is
no such y, then x is called a non-quadratic residue. The set of quadratic
residues of F∗p is denoted by QR(p) and the set of non-quadratic residues is
denoted by NQR(p). It is well known that QR(p) is a cyclic subgroup of
F
∗
p of cardinality
p−1
2
(see for example [14]). As well as, it is well known, if
either x, y ∈ QR(p) or x, y ∈ NQR(p), then xy ∈ QR(p), and if x ∈ QR(p)
and y ∈ NQR(p), then xy ∈ NQR(p).
The following theorems are well known results on quadratic residues.
For more details of this kind of results the reader may consult [5, 14].
Theorem 2.1. Let p be an odd prime power, then
1. −1 ∈ QR(p) if and only if p ≡ 1 mod 4.
2. −1 ∈ NQR(p) if and only if p ≡ 3 mod 4.
Theorem 2.2. Let p be an odd prime. If p ≡ 3 mod 4, then
1. x ∈ QR(p) if and only if −x ∈ NQR(p).
2. x ∈ NQR(p) if and only if −x ∈ QR(p).
In [1], it was proved the following (see also [21]):
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Lemma 2.3. [1] If p ≡ 3 (mod 4) is an odd prime power with p 6= 3 and
α is a generator of QR(p), then the following set
Sβ = {{x, βx} : x ∈ QR(p)} ,
is a strong starter for Fp, for all β ∈ NQR(p) \ {−1}.
In [29], it was proved the following:
Theorem 2.4. [29] Let p ≡ 3 (mod 8) be an odd prime and α be a generator
of QR(p), then the following strong starter
Sβ = {{x, βx} : x ∈ QR(p)} ,
with β = 2 and β = 1
2
, is Skolem for Zp.
3 Multiplicative group of integers modulo n
Using the notation given in [23], let Gn be the group of units of the ring Zn
(elements invertible with respect to multiplication). Whenever the group
operation is irrelevant, it will consider Gn and its cyclic multiplicative sub-
groups 〈x〉n in the set-theoretical sense and denote them by Gn and 〈x〉n,
respectively.
It is denoted by 〈x〉n the cyclic subgroup of Gn generated by x ∈ Gn.
Also, we will use the notation aB = {ab : b ∈ B}, where a ∈ Z and
B ⊆ Z. It is denoted by ord(x)n the order of the element x ∈ Gn. Hence,
ord(x)n = |〈x〉n|. It is well know that, Gn is a cyclic group if and only if
n is 1, 2, 4, pk or 2pk, where p is an odd prime and k is an integer greater
than 1. Finally, it is well know that |Gpk | = p
k − pk−1. For more details of
this kind of results the reader may consult [6].
Let q be an odd prime power. It is well know that, if r ∈ F∗q is a
primitive root of F∗q , then r
2 is a generator of QR(q). Moreover, if r is a
primitive root of Z∗p, then r is a primitive root of Gpn , for all n integer
greater than 1, unless rp−1 ≡ 1 (mod p2). In that case, r+ p is a primitive
root of Gpn , see for example [6].
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Remark 1. Let p ≡ 3 (mod 8) be an odd prime and n is an integer
greater than 1. Consider piGpn−i = {x ∈ Z
∗
pn : gcd(x, p
n) = pi}, for
every i = 0, . . . , n − 1. Since every element x ∈ Z∗pn lies in one and only
one of these sets, the collection
{
piGpn−i
}n−1
i=0
forms a partition of Z∗pn into
n subsets, see proof of Theorem 4.9 of [23].
4 The main result
Theorem 4.1. Let p be an odd prime such that p ≡ 3 (mod 8), and let n
be an integer greater than 1. Then Zpn admits a strong Skolem starter.
Proof. Let r ∈ Z∗p be a primitive root such that r
p−1 6≡ 1 (mod p2). Hence
α = r2 is a generator of QR(p) and 〈α〉pi is a cyclic group of Gpi of order
|G
pi
|
2
= 1
2
(pi−pi−1), for all i = 1, . . . , n. Since 2 6∈ 〈α〉p then 2 6∈ 〈α〉pi , also,
since −1 6∈ 〈α〉p then −1 6∈ 〈α〉pi , for all i = 1, . . . , n. By Remark 1, the col-
lection
{
piGpn−i
}n−1
i=0
forms a partition of Z∗pn , where Gpi can be written as
Gpi = 〈x〉pi ∪ 2〈x〉pi . Let define p
iSpn−i =
{
{pix, 2pix} : x ∈ 〈α〉pn−i
}
, for
i = 0, . . . , n− 1. It is easy to see that {±pix : x ∈ 〈α〉pn−i} = p
iGpn−i , for
all i = 0, . . . , n−1, since 2〈x〉pi = −〈x〉pi . Hence, the set S =
⋃n−1
i=0 p
iSpn−i
is a starter.
On the other hand, since x + y 6= 0, for all different x, y ∈ 〈α〉pn−i
and i = 0, . . . , n − 1, then |{3pix : x ∈ 〈x〉pn−i}| = |〈x〉pn−i |. It is not
difficult to prove that |
⋃n
i=1{3p
ix : x ∈ 〈x〉pn−i}| =
|Zpn |
2
= p
n−1
2
, since
3(pix − pjy) 6= 0 (mod pn), where x ∈ pi〈α〉pn−i and y ∈ p
j〈α〉pn−j , for
every i, j ∈ {0, . . . , n− 1}. Hence, the set S is strong.
Finally, let prove the set S is Skolem, the proof is analogous to the
proof of case (i) of Theorem 2.4 given in [29]. Let pn = 2t + 1 and let
1 < 2 < . . . < 2t be the order of the non-zero elements of Z∗pn . We define
Q 1
2
= {1, 2, . . . , t}. To prove the set S is Skolem, it’s sufficient to prove
that, if 2pix > pix then pix ∈ Q 1
2
, and if pix > 2xpi then −pix ∈ Q 1
2
,
for all i = 0, . . . , n − 1. If pix ∈ Q 1
2
, for some i ∈ {0, . . . , n − 1}, then
2pix > pix, which implies that 2pix − pix = pix ∈ Q 1
2
. On the other
hand, if pix 6∈ Q 1
2
, for some i ∈ {0, . . . , n − 1}, then −pix ∈ Q 1
2
. Hence,
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2(−pix) > −pix, which implies that −2pix+pix = −pix ∈ Q 1
2
. Hence, the
set S is Skolem. Therefore, Zpn admits a strong Skolem starter.
Corollary 4.2. Let p be an odd prime such that p ≡ 3 (mod 8), n be
an integer greater than 1 and r ∈ Zp be a primitive root of Zp such that
rp−1 6≡ 1 (mod p2). If piSpn−i =
{
{pix, 2−1pix} : x ∈ 〈α〉pn−i
}
, for i =
0, . . . , n− 1, then S =
⋃n−1
i=0 p
iSpn−i is a strong Skolem starter for Zpn .
Proof. The proof is analogous of Theorem 4.1 and using the case (ii) of
Theorem 2.4 given in [29].
4.1 Example
Let’s provide an example of strong Skolem starters for Z112 . In this case
r = 2 is a primitive root of Z∗
11
with 210 6= 1 (mod 112). We have α = r2 is
such that 〈α〉11 = QR(11) = {1, 3, 4, 5, 9} and NQR(11) = {2, 6, 7, 8, 10}.
The partition of Z∗
112
is given by 11G11 ∪G112 , where G11 = Z
∗
11. Hence
The pairs from 11G
11
: {11, 22}, {44, 88}, {55, 110}, {77, 99}, {33, 66}.
The pairs from G
112
: {1, 2}, {4, 8}, {16, 32}, {7, 64}, {14, 28}, {56, 112},
{85, 103}, {49, 98}, {29, 75}, {58, 116}, {101, 111}, {41, 81}, {43, 82}, {51, 86},
{83, 102}, {45, 90}, {59, 118}, {109, 115}, {73, 97}, {25, 50}, {79, 100}, {37, 74},
{27, 54}, {95, 108}, {17, 69}, {34, 68}, {15, 30}, {60, 120}, {117, 119}, {105, 113},
{57, 89}, {107, 114}, {65, 93}, {9, 18}, {36, 72}, {23, 46}, {63, 92}, {5, 10}, {20, 40},
{39, 80}, {35, 78}, {19, 70}, {38, 76}, {31, 62}, {3, 6}, {12, 24}, {48, 96}, {21, 71},
{42, 84}, {47, 94}, {13, 67}, {26, 52}, {87, 104}, {53, 106}, {61, 91}.
This strong Skolem starter of Z112 is the same of the example 4.12 given
in [23]. Now, by Corollary 4.2, we have a different strong Skolem starter of
Z112 :
The pairs from 11G11 : {11, 66}, {22, 44}, {55, 88}, {99, 110}, {33, 77}.
The pairs from G
112
: {1, 61}, {2, 4}, {8, 16}, {32, 64}, {7, 14}, {28, 56},
{103, 112}, {49, 85}, {75, 98}, {29, 58}, {111, 116}, {81, 101}, {41, 82}, {43, 86},
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{51, 102}, {45, 83}, {59, 90}, {115, 118}, {97, 109}, {25, 73}, {50, 100}, {37, 79},
{27, 74}, {54, 108}, {69, 95}, {137, 4}, {15, 68}, {30, 60}, {119, 120}, {113, 117},
{89, 105}, {57, 114}, {93, 107}, {9, 65}, {18, 36}, {23, 72}, {46, 92}, {5, 63}, {10, 20},
{40, 80}, {39, 78}, {35, 70}, {19, 38}, {31, 76}, {3, 62}, {6, 12}, {24, 48}, {71, 96},
{21, 42}, {47, 84}, {67, 94}, {13, 26}, {52, 104}, {53, 87}, {91, 106}.
Acknowledgment
Research was partially supported by SNI and CONACyT.
References
[1] C. A. Alfaro, C. Rubio-Montiel and A. Va´zquez-A´vila, On two-quotient
strong starters for Fq, Util. Math. Accepted.
[2] B. A. Anderson, A class of starter induced 1-factorizations, Graphs
and combinatorics (Proc. Capital Conf., George Washington Univ.,
Washington, D.C., 1973), Springer, Berlin, 1974, pp. 180–185. Lecture
Notes in Math., Vol. 406.
[3] B. A. Anderson, P. J. Schellenberg and D. R. Stinson, The existence
of Howell designs of even side, J. Combin. Theory Ser. A 36 (1984),
no. 1, 23–55.
[4] J. Bao and L. Ji, Two Orthogonal 4-Cycle-Free One-Factorizations of
Complete Graphs, Graphs Combin. 35 (2019), no. 2, 373–392.
[5] D. M. Burton, Elementary number theory, sixth ed., McGraw-Hill,
2007.
[6] H. Cohen, A Course in Computational Algebraic Number Theory,
Springer-Verlag, 1993.
[7] J. F. Dillon and R. A. Morris, A skew Room square of side 257, Utilitas
Math. 4 (1973), 187–192
7
[8] J. H. Dinitz, Room n-cubes of low order, J. Austral. Math. Soc. Ser.
A 36 (1984), 237–252.
[9] J. H. Dinitz and P. Dukes, On the structure of uniform one-
factorizations from starters in finite fields, Finite Fields Appl. 12
(2006), no. 2, 283–300.
[10] J. H. Dinitz, P. Dukes and D. R. Stinson, Sequentially perfect and uni-
form one-factorizations of the complete graph, Electron. J. Combin.,
12 (2005), # R1.
[11] J. H. Dinitz and D. R. Stinson, The spectrum of Room cubes, European
J. Combin. 2 (1981), no. 3, 221–230.
[12] J. H. Dinitz and D. R. Stinson, Some new perfect one-factorizations
from starters in finite fields, J. Graph Theory, 13 (1989), no. 4, 405–
415.
[13] K. B. Gross, Some new classes of strong starters, Discrete Math. 12
(1975), no. 3, 225–243.
[14] G. H. Hardy and E. M. Wright, An introduction to the theory of num-
bers, sixth ed., Oxford University Press, Oxford, 2008, Revised by D.
R. Heath-Brown and J. H. Silverman, With a foreword by Andrew
Wiles.
[15] J. D. Horton, Room designs and one-factorizations, Aequationes Math.
12 (1981), no. 1, 56–63.
[16] J. D. Horton, The construction of Kotzig factorizations, Discrete Math.
43 (1983), no. 2-3, 199–206.
[17] J. D. Horton, Orthogonal starters in finite abelian groups, Discrete
Math. 79 (1990), no. 3, 265–278.
[18] K. Ireland, and M. A. Rosen, A classical introduction to modern num-
ber theory, 2nd ed., Springer-Verlag, 1990.
[19] W. L. Kocay, D. R. Stinson and S. A. Vanstone, On strong starters in
cyclic groups, Discrete Math. 56 (1985), no. 1, 45–60.
8
[20] M. Meszka, k-cycle free one-factorizations of complete graphs, Elec-
tron. J. Combin. 16 (2009), no. 1, 255–258.
[21] R. C. Mullin and E. Nemeth, An existence theorem for room squares,
Canad. Math. Bull. 12 (1969), 493–497.
[22] R. C. Mullin and E. Nemeth, On furnishing Room squares, J. Combi-
natorial Theory 7 (1969), 266–272.
[23] O. Ogandzhanyants, M. Kondratieva and N. Shalaby, Strong Skolem
starters, J. Combin. Des. 27 (2018), no. 1, 5–21.
[24] D. K. Ray-Chaudhuri and R. M. Wilson, Solution of Kirkman’s school-
girl problem, Combinatorics (Proc. Sympos. Pure Math., Vol. XIX,
Univ. California, Los Angeles, Calif., 1968), Amer. Math. Soc., Prov-
idence, R.I. (1971), 187–203.
[25] A. Rosa and S. A. Vanstone, On the existence of strong Kirkman cubes
of order 39 and block size 3, Algorithms in combinatorial design theo-
ry, North-Holland Math. Stud., vol. 114, North-Holland, Amsterdam
(1985), no. 1, 309–319.
[26] N. Shalaby, Skolem sequences: generalizations and applications. Thesis
(PhD). McMaster University (Canada), 1991.
[27] R. G. Stanton and R.C. Mullin, Construction of Room squares, Ann.
Math. Statist. 39 (1968), 1540–1548.
[28] D. R. Stinson and S. A. Vanstone, A Kirkman square of order 51 and
block size 3, Discrete Math. 55 (1985), no. 1, 107–111.
[29] A. Va´zquez-A´vila, A note on strong Skolem starters, Discrete Math.
(2019). Accepted.
[30] A. Va´zquez-A´vila, A note on two orthogonal totally C4-free one-
factorizations of complete graphs. Submitted.
https://arxiv.org/abs/1906.09291v1
9
